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Abstract
We compute long-distance interaction potentials between certain 1/2 and 1/4
supersymmetric D-brane configurations of type IIB theory, demonstrating detailed
agreement between classical supergravity and one-loop instanton matrix model re-
sults. This confirms the interpretation of D-branes as described by classical matrix
model backgrounds as being ‘populated’ by large number of D-instantons, i.e. as
corresponding to non-marginal bound states of branes of lower dimensions. In the
process, we establish precise relation between matrix model expressions and non-
abelian F 4 terms in the super Yang-Mills effective action.
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1 Introduction
The aim of this paper is to discuss interactions between some D-branes in type IIB matrix
model of [1] (see also [2]). Our approach will be that of [3] where the D = 10 U(N) super
Yang-Mills theory reduced to a point was not related to the (Schild form of) type IIB
string action as in [1, 4] but was interpreted as the direct D-instanton counterpart of the
D0-brane matrix model of [5]. The two matrix models can be put into correspondence
using T-duality in the time direction.
The Dp-brane configurations in the instanton matrix model can be described [1, 3,
6, 7, 8] in a similar way as in the 0-brane matrix model [5, 9, 10]. As was pointed out
in [3], they should be identified not with ‘pure’ type IIB D-branes but with D-branes
‘populated’ by large number of D-instantons just like D-branes in the matrix model of [5]
are ‘populated’ by large number of 0-branes [11, 12].
In what follows we shall confirm this interpretation by demonstrating that the cor-
responding long-distance interaction potentials computed in the matrix model and in
supergravity are in precise agreement. The matrix model (SYM) result is the same as
the short-distance limit of the 1-loop open string theory amplitude while the supergravity
result is the long-distance limit of the tree-level closed string theory potential. They agree
in the N → ∞ limit in which the brane configurations become supersymmetric for the
same reason as in the 0-brane matrix model [5, 11].
The U(N) SYM theory reduced to a point describes a collection of N D-instantons
[13, 14]. When some of the ten euclidean dimensions are compactified on a torus T p+1, the
classical backgrounds represented by constant abelian fluxes ([Am, An] = iFmn) correspond
[3] to 1/2 supersymmetric non-marginal bound states of type IIB Dp-branes (i.e. 1 + i,
3+1+ i, 5+3+1+ i) wrapped over the dual torus T˜ p+1. The configuration with self-dual
strength [Am, An] represents the 1/4 supersymmetric marginal bound state of D3-brane
and D-instantons which we shall denote as 3‖i [15, 16].
There is a close T-duality relation to similar configurations in 0-brane matrix model
[9, 10, 11, 12]. Indeed, the interaction potentials between such D-branes in the instanton
matrix model computed below are direct counterparts of the corresponding results in
M(atrix) theory found in [5, 17, 11, 12] for interactions between 1/2 supersymmetric
branes and in [18] for interactions involving 1/4 supersymmetric branes.
We shall consider two examples:
(i) interaction between D-instantons and 1/2 supersymmetric ‘Dp-branes’, i.e. non-
marginal p + (p− 2) + · · ·+ 1 + i bound states;
(ii) interaction between ‘D-string’, i.e. 1 + i bound state, and 1/4 supersymmetric
marginal 3-brane–instanton bound state 3‖i.
In section 2 we shall determine the corresponding closed string theory (supergravity)
potentials using classical probe method (see [18] and refs. there). In section 4 we shall
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reproduce the same expressions by a one-loop calculation in the instanton matrix model.
In section 3 we shall present some general results about 1-loop effective action in D ≤ 10
SYM theories and explain their relation to the matrix model computations of the leading
terms in long-distance interaction potentials.
One natural generalisation of the present work is to 1/8 supersymmetric bound states
probed by D-instantons or other type IIB ‘D-branes’. In particular, one may consider
D-brane configurations corresponding to D = 5 black holes as in [19, 20] and [21, 22, 23].
2 Closed string theory (supergravity) description
2.1 D-instanton – ‘Dp-brane’ interaction
To determine the D-instanton–‘Dp-brane’ interaction potential we shall consider the lat-
ter, i.e. the p+(p−2)+ · · ·+1+ i bound state of type IIB D-branes (p = −1, 1, 3, 5) as a
probe moving in the classical D-instanton background.1 This probe can be described, as
in [18], by the standard Dp-brane action with a constant world-volume gauge field back-
ground. The relevant terms in the euclidean Dp-brane action are (m,n = 1, ..., p+1; i, j =
p+ 2, ..., 10)
Ip = −Tp
[ ∫
dp+1xe−φ
√
det(Gmn +Gij∂mX i∂nXj + Fmn)−
∫
p+1
∑
k
C2k ∧ eF
]
, (2.1)
where Fmn ≡ T−1Fmn (in what follows Bmn = 0) and C2k is the RR 2k-form potential.
We used the static gauge and took the target-space metric in the block-diagonal form. In
general, Dp-brane tension is [24]
Tp ≡ npT¯p = npg−1(2π)(1−p)/2T (p+1)/2 , T ≡ (2πα′)−1 . (2.2)
We shall assume that the euclidean world-volume of a type IIB Dp-brane is wrapped
over a (rectangular) torus T p+1 with volume Vp+1 = (2π)
p+1R1...Rp+1 and that there is a
constant world-volume gauge field background
Fmn =


0 f1
−f1 0
. . .
0 fl
−fl 0


, l ≡ 1
2
(p+ 1) . (2.3)
The Dp-brane with the flux (2.3) on its world-volume represents the non-marginal bound
state (p + (p − 2) + · · · + 1 + i) of D-branes of dimensions p, p − 2, ... [15] (with branes
1By the potential we shall mean the interaction part of the euclidean action. The euclidean time
coordinate may be assumed to belong to the internal p + 1-dimensional torus. Alternatively, one may
consider the p-branes discussed below as being ‘(p + 1)-instantons’ [15], with the time coordinate being
orthogonal to the internal torus.
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of ‘intermediate’ dimensions being wrapped over different cycles of the torus). The total
numbers of branes of each type are
np−2 = np2πT
l∑
k=1
fkR2k−1R2k , ... , n−1 = npVp+1
l∏
k=1
(
Tfk
2π
) , (2.4)
as can be read off from the Chern-Simons terms in the D-brane action (2.1) [25].
The D-instanton background ‘smeared’ in the directions of the torus T p+1 (x1 =
y1, ..., xp+1 = yp+1) is [26]
2
ds210 = H
1/2
−1 (dy
2
1 + · · ·+ dy2p+1 + dxidxi) , (2.5)
eφ = H−1 , C0 = H
−1
−1 − 1 , H−1 = 1 +
Q
(p+1)
−1
r7−p
, r2 = xixi .
We shall use the notation Q(n)p for the coefficient in the harmonic function Hp = 1+
Q
(n)
p
r7−p−n
of p-brane background which is smeared in n transverse toroidal directions. In general,
Qp = Npg(2π)
(5−p)/2T (p−7)/2(ω6−p)
−1 , ωk−1 = 2π
k/2/Γ(k/2) , (2.6)
Q(n)p = Npg(2π)
(5−p)/2T (p−7)/2(Vnω6−p−n)
−1 = NpN
−1
p+nQp+n(2π)
n/2T n/2V −1n , (2.7)
where Vn is the volume of the flat internal torus.
Substituting the background (2.5) into the Dp-brane action (2.1) and ignoring the
dependence of Xi on world-volume coordinates xm (so that the matrix under the square
root in (2.1) becomes H
1/2
−1 δmn + Fmn) we find
Ip = −TpVp+1
[
H−1−1
l∏
k=1
√
H−1 + f 2k − (H−1−1 − 1)
l∏
k=1
fk
]
. (2.8)
Defining the ‘interaction potential’ V(r) (r2 = XiXi) as the deviation from the ‘free’
action of the non-marginal p+ ...+ i bound state,
Ip = I
(0)
p − V = −TpVp+1
l∏
k=1
√
1 + f 2k − V , (2.9)
we get for the leading long-distance term in V
V = 1
r7−p
Q
(p+1)
−1 TpVp+1
l∏
m=1
√
1 + f 2m
[ l∑
k=1
1
2(1 + f 2k )
+
l∏
k=1
fk√
1 + f 2k
− 1
]
+O(
1
r2(7−p)
) .
(2.10)
The coefficient here is
Q
(p+1)
−1 TpVp+1 = 2
3−l (3− l)! T l−4 npN−1 , p = 2l − 1 . (2.11)
2We use the symbol ‘i’ and subscript ‘−1’ to denote D-instantons and the corresponding quantities.
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In the limit of the large background field Fmn (fk ≫ 1), i.e. for large instanton ‘occupation
number’ n−1 (2.4), we find (we assume that l ≤ 3 and set T = 1)3
V = − 1
r8−2l
2−l(3− l)! npN−1
l∏
m=1
fm
[
2
l∑
k=1
f−4k − (
l∑
k=1
f−2k )
2
]
+ ... . (2.12)
For example, in the case of p = 1, i.e. the D-instanton–‘D-string’ interaction
V = − 1
r6
n1N−1f˜
3 + ... , f˜ ≡ f−11 . (2.13)
Note that the potential (2.12) vanishes for p = 3 and f1 = f2. In this case the background
field Fmn is self-dual and the interaction between D-instanton and 3+ 1+ i non-marginal
bound state becomes essentially the same as the interaction between D-instanton and 3‖i
marginal bound state4 but ‘i − (3‖i)’ is a BPS configuration [15]. Analogous conclusion
is reached in the T-dual case of 0-brane – 4 + 2 + 0 bound state interaction: when the
magnetic flux on 4-brane is self-dual, 0−(4+2+0) interaction is the same as the 0−(4‖0)
one [18].
The expression (2.12) can be put in the following ‘covariant’ form
V = − 1
r8−2l
2−l(3− l)! npN−1
√
det Fmn
[
F˜mkF˜knF˜nsF˜sm − 1
4
(F˜mnF˜mn)2
]
+ ... , (2.14)
F˜mn ≡ (Fnm)−1 .
Since the D-instanton number in (2.4) is equal to
n−1 = np(2π)
−lV2l
√
det Fmn , (2.15)
we can represent (2.14) also as
V = −(3 − l)! V˜2l
(4π)lr8−2l
n−1N−1
[
F˜mkF˜knF˜nsF˜sm − 1
4
(F˜mnF˜mn)2
]
+ ... , (2.16)
where V˜2l is the volume of the dual torus,
V2lV˜2l = (
2π
T
)2l = (2π)2l . (2.17)
The F˜4 coefficient in this expression is exactly the same as the quartic term in the
expansion of the Born-Infeld action
√
det(δmn + F˜mn) or in the open string effective
3Let us note that the subleading 1
r2(7−p)
term in V (2.9) is proportional to (cf. (2.10))
l∏
m=1
√
1 + f2
m
[ l∑
k=1
1
2(1 + f2
k
)
+
l∏
k=1
fk√
1 + f2
k
− 1
8
( l∑
k=1
1
1 + f2
k
)2
+
1
4
l∑
k=1
1
(1 + f2
k
)2
]
.
The leading term in the large field (fk →∞) expansion of this expression vanishes.
4D-instanton does not couple to D-string charge; the contribution of the latter is in any case suppressed
for large fk.
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action. This can be seen directly from (2.8) by noting that the expression there is
H−1−1 [
√
det(Gmn + Fmn)−
√
detFmn] =
√
detFmn
(
H−1−1 [
√
det(δmn +H
1/2
−1 F−1mn)− 1]
)
. The
reason for this non-trivial coincidence (note that F˜mn is the inverse of the background
field Fnm in the probe action) will become clear below when we reproduce (2.16) from
the matrix model.
2.2 Interaction of ‘D-string’ with 3-brane–instanton bound state
To determine the interaction potential between the non-marginal bound state of D-string
and D-instanton and the marginal bound state of D3-brane and D-instanton we shall
consider 1+ i as a probe moving in the 3‖i background. As above, the action for the 1+ i
probe will be the D-string action (2.1) with a constant flux (2.3) on 2-torus representing
the D-instanton charge.
The 3‖i type IIB supergravity background [16] is T-dual to 4‖0 or 5‖1 solutions [27].
We shall assume that the 3-brane world volume is wrapped around 4-torus (in directions
1, 2, 3, 4) and that the world volume of (1 + i)-brane probe is parallel to (5, 6) directions,
i.e. that the world volumes do not share common dimensions.5 The corresponding metric,
dilaton and RR scalar fields smeared in the (5, 6) directions are [27]
ds210 = (H−1H3)
1/2[H−13 (dy
2
1 + ...+ dy
2
4) + dy
2
5 + dy
2
6 + dxidxi] , (2.18)
eφ = H−1 , C0 = H
−1
−1 − 1 , H−1 = 1 +
Q
(6)
−1
r2
, H3 = 1 +
Q
(2)
3
r2
,
where Q(n)p are given by (2.7) (C2 = 0; the value of C4 background will not be important
below). Ignoring the dependence on derivatives of Xi we find for the ‘D-string’ probe
action I1 (f ≡ f1)
I1 = −T1
∫
d2x
[
H−1−1
√
H−1H3 + f 2 − (H−1−1 − 1)f
]
= −T1V2f
[
1 +H−1−1
(√
1 +H−1H3f−2 − 1
)]
≡ −T1V2
√
1 + f 2 − V . (2.19)
The leading long-distance interaction term in V is
V = 1
2r2
T1V2
√
1 + f 2
[
Q
(2)
3
1
1 + f 2
−Q(6)−1
(
1− f√
1 + f 2
)2]
+O(
1
r4
) . (2.20)
This expression is in direct T-duality correspondence with the static potential between
the 2 + 0 and 4‖0 bound states in [18].
The potential (2.20) has the following large f (large instanton charge n−1 of 1 + i)
expansion, cf.(2.13)
V = 1
2r2
n1
(
N3f˜ −N−1π2V −14 f˜ 3 − 12N3f˜ 3
)
+ ... , f˜ ≡ f−1 , (2.21)
5Here the adequate interpretation is that the time direction is orthogonal to both of the (1 + i) and
(3‖i) world-volumes [15].
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where V4 is the volume of the 4-torus.
6 V can be expressed in terms of
n−1 = n1(2π)
−1V2f = n12πV˜
−1
2 f˜
−1 (2.22)
as follows
V = V˜2
4πr2
n−1
(
N3f˜
2 − 1
(4pi)2
N−1V˜4f˜
4 − 1
2
N3f˜
4
)
+ ... . (2.23)
Since in the matrix model representation N3 will be the instanton number of a gauge field
on the dual 4-torus, (2.23) will be, like (2.16), proportional to the integral of F 4 terms
over the dual 6-torus (N3f˜
4 will be a subleading correction).
3 One-loop effective action in D ≤ 10 super Yang-
Mills theory
To put matrix model computations in a proper perspective, it is useful to give a summary
of some general results about the one-loop effective action Γ(A) of maximally supersym-
metric YM theory in D ≤ 10 dimensions.
3.1 UV divergences and ‘large mass’ expansion
In general,
Γ = 1
2
∑
a
ca ln det∆a = −12
∫ ∞
Λ−2
ds
s
tr
∑
a
cae
−s∆a , (3.1)
where the sum over a runs over bosonic, background gauge ghost and fermionic contri-
butions taken with appropriate relative coefficients (ca = 1,−2,−14). ∆a are second
order differential operators (−D2+X ) depending on background value of the gauge field
and Λ → ∞ is UV cutoff. The divergent part of Γ can be expressed in terms of the
DeWitt-Seeley coefficients bn
(tr e−s∆)s→0 ≃ 1
(4π)D/2
∞∑
n=0
s
n−D
2
∫
dDx bn(∆) , (3.2)
i.e.
Γ(∞) = − 1
(4π)D/2
∫
dDx
(
ΛD
D
b0 +
ΛD−2
D − 2 b2 +
ΛD−4
D − 4 b4 + ...+
1
2
lnΛ2 bD
)
, (3.3)
where bn ≡ ∑a cabn(∆a). For pure YM theory [28] b4 = 112(D − 26)TrF 2mn (the ap-
pearance of the coefficient D − 26 can be understood from string theory [29]), while for
D = 10 SYM theory and its reductions to lower dimensions [28]
b0 = b2 = b4 = b6 = 0 , (3.4)
6The large f limit of the 1
r4
subleading term in V is − 18r4T1V2Q(2)3 (2Q(6)−1 +Q(2)3 )f−3.
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so that SYM theories in D ≤ 7 are one-loop UV finite. At the same time, b8 and b10
are, in general, non-vanishing. In particular, in a constant abelian background b10 = 0
but b8 ∼ F 4 6= 0, implying the presence of logarithmic divergence in D = 8 SYM and
quadratic divergence in D = 10 theory [28]. The general non-abelian expressions for b8
and b10 (up to F
5 terms) in SYM theory were found in [29] (basing on the results of [30])
b8 =
2
3
Tr
(
FmkFnkFmrFnr +
1
2
FmkFnkFnrFmr − 14FmkFmkFnrFnr − 18FmkFnrFmkFnr
)
,
(3.5)
b10 = − 115Tr
(
DqFmkFnkDqFmrFnr +
1
2
DqFmkFnkDqFnrFmr
− 1
4
DqFmkFmkDqFnrFnr − 18DqFmkFnrDqFmkFnr
)
+O(F 5) . (3.6)
The trace Tr is in the adjoint representation7 and we dropped gauge-dependent O(DmFmk)
terms which vanish on the equations of motion.
The reason why the structure of b8 (i.e. of the coefficient of quadratic divergence in
D = 10 SYM) is the same as of the F 4 term in the open superstring effective action was
explained in [29].8
Let us now formally shift ∆a by the same constant termM
2 and define ‘IR regularised’
effective action ΓM
ΓM ≡ 12
∑
a
ca ln det(∆a +M
2) = −1
2
∫ ∞
Λ−2
ds
s
e−sM
2
tr
∑
a
cae
−s∆a . (3.7)
This modified 1-loop effective action is finite in D ≤ 7 and has the following large M
expansion (we use (3.2))
ΓM ≃ −12
∫
dDx
∞∑
n=0
Γ(n−D
2
)
(4π)D/2Mn−D
bn = − 1
2(4π)D/2
∫
dDx
[
Γ(8−D
2
)
M8−D
b8+
Γ(10−D
2
)
M10−D
b10+...
]
.
(3.8)
The explicit form of the leading term is
ΓM = − (3−
1
2
D)!
3(4π)D/2M8−D
∫
dDx Tr
(
FmkFnkFmrFnr +
1
2
FmkFnkFnrFmr
− 1
4
FmkFmkFnrFnr − 18FmkFnrFmkFnr
)
+O(
1
M10−D
) , (3.9)
7For generators of SU(N) Tr(TaTb) = Nδab, tr(TaTb) =
1
2δab and TrX
2 = 2NtrX2, TrX4 =
2NtrX4+6(trX2)2, X = XaTa (see [31]; similar expressions in Appendix B of [29] should be multiplied
by factor of 2). The same relations are true for a matrix X belonging to U(N) algebra provided X in
the r.h.s. is replaced by its traceless part X → X¯ = X − 1
N
trX I.
8 This term can be extracted from the α′ → 0 limit of the string one-loop effective action ( 1
α′
F 4 →
Λ2F 4) if one includes planar as well as non-planar (trF 2)2) contributions. The tree-level open string
effective action contains similar F 4 term (the kinematic factor in the tree-level and 1-loop 4-vector
amplitude is the same [33]) but with tr instead of Tr [32].
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or, equivalently, in terms of the trace in the fundamental representation of U(N)
ΓM = − 2(3−
1
2
D)!
3(4π)D/2M8−D
∫
dDx
(
N tr
[
F¯mkF¯nkF¯mrF¯nr +
1
2
F¯mkF¯nkF¯nrF¯mr
−1
4
F¯mkF¯mkF¯nrF¯nr − 18 F¯mkF¯nrF¯mkF¯nr
]
+ 3
[
tr(F¯mkF¯nk) tr(F¯mrF¯nr) +
1
2
tr(F¯mkF¯nr) tr(F¯nkF¯mr)
− 1
4
tr(F¯mkF¯nr) tr(F¯mkF¯nr)− 18tr(F¯mkF¯mk) tr(F¯nrF¯nr)
])
+O(
1
M10−D
) , (3.10)
where F¯mn ≡ Fmn − 1N trFmnI. This expansion is useful in discussions of long-distance
interactions between Dp-branes where D = p + 1 and M is proportional to separation
b between branes, i.e. M2 = Tb2 (expressions related to special cases of (3.9),(3.10)
appeared in [1, 6, 34] and, in particular, in [20]; see also below).
Note that the subleading O( 1
M10−D
) correction determined by b10 vanishes in the case
of constant abelian backgrounds which describe, e.g., interactions between 1/2 super-
symmetric non-marginal bound states of D-branes. The coefficient b10 is, in general,
non-vanishing for non-abelian background fields.
3.2 Constant abelian gauge field background
The one-loop effective action of SYM theory in D dimensions can be computed explicitly
for a constant abelian gauge field background (i.e. for Fmn = F
I
mnTI belonging to the
Cartan subalgebra of a compact semisimple Lie algebra) following [28, 35]. The basis
TI (I = 1, ..., r) in the Cartan subalgebra in the adjoint representation can be chosen
as a set of d × d diagonal matrices TI = diag(0, ..., 0, α(1)I ,−α(1)I , ..., α(q)I ,−α(q)I ), where
{α(i)I } are positive roots (i = 1, ..., q, q = 12(d − r),
∑q
i=1 α
(i)
I α
(i)
I′ = δII′). Let us define
F(i)mn = F
I
mnα
(i)
I and assume that all F
(i)
mn have ‘block-diagonal’ form (we choose space-time
dimension to be even D = 2l)9
F(i)mn =


0 f
(i)
1
−f(i)1 0
. . .
0 f
(i)
D/2
−f(i)D/2 0


, (3.11)
Then one finds the following general expression for ΓM in (3.7) (VD ≡ ∫ dDx)
ΓM = − 2VD
(4π)D/2
∞∫
0
ds
s1+D/2
e−M
2s
q∑
i=1
(D/2∏
k=1
f
(i)
k s
sinh f
(i)
k s
9The expressions that follow are true also in more general case if the parameters f
(i)
k
are simply
replaced by Lorentz invariants constructed out of F
(i)
mn (separately for each i) according to the rules [35]:∑
l
k=1(f
(i)
k
)2h = 12 (−1)hF(i)m1n1F(i)n1m2 ...F(i)nh−1m1 , h = 1, ..., l.
8
×
[D/2∑
k=1
(
cosh 2f
(i)
k s− 1
)
− 4(
D/2∏
k=1
cosh f
(i)
k s− 1)
])
. (3.12)
In what follows we shall consider the special case when the background is such that N of
F(i)mn are equal to the same Fmn while the rest vanish, i.e. when f
(i)
k = fk, i = 1, ...,N.
The corresponding background field strength is given by diagonal matrices in the adjoint
or fundamental representaions:
F (adj)mn = diag(0, ..., 0,Fmn,−Fmn, ...,Fmn,−Fmn) , F (fund)mn =
(
Fmn I 0
0 0
)
,
where I a unit n× n matrix and N = n(N − n). Then
ΓM = − 2N VD
(4π)D/2
∞∫
0
ds
s1+D/2
e−M
2s
D/2∏
k=1
fks
sinh fks
[D/2∑
k=1
(cosh 2fks− 1)− 4(
D/2∏
k=1
cosh fks− 1)
]
.
(3.13)
This integral is UV convergent forD ≤ 7 and logarithmically divergent forD = 8 implying
also the presence of O(F 4) quadratic UV divergence in D = 10 SYM theory. It is also IR
divergent for certain f
(i)
k and small enough M (which is a manifestation of the well-known
tachyonic instability of the YM theory in a constant abelian background which is not
cured by supersymmetry).
For example, the standard (M = 0) one-loop effective action for maximally super-
symmetric SU(2) YM theory in D = 4 in background Fmn = Fmn
σ3
2
(i.e. N = 1) is
[28]
Γ = − 4V4
(4π)2
∞∫
0
ds
s3
f1s
sinh f1s
f2s
sinh f2s
(cosh f1s− cosh f2s)2 . (3.14)
For comparison with the matrix model expressions, it is useful to separate a factor
N ∼ √det Fmn in ΓM representing it as
ΓM = N N W , (3.15)
N ≡ (2π)−D/2VD
D/2∏
k=1
fk = (2π)
−D/2VD
√
det Fmn , (3.16)
W = −2
∞∫
0
ds
s
e−M
2s
D/2∏
k=1
1
2 sinh fks
[D/2∑
k=1
(cosh 2fks− 1)− 4(
D/2∏
k=1
cosh fks− 1)
]
. (3.17)
In the matrix model contextN−1 will be an integer (or a rational number, cf. (2.15),(2.22))
and will be cancelled against a factor contained in N (see section 4).
Special cases of ΓM (3.15) or (up to an overall coefficient) W appeared in the dis-
cussions of interaction potentials between D-branes (see, e.g., [36, 1, 17, 11, 12]).10 The
10For example, for f1 = iv, f2, ..., fl = 0, M = b we get from (3.17) the (light open string mode part of)
phase shift for the scattering of two 0-branes [36], δ = −iW =
∞∫
0
ds
s
e−b
2
s(sin vs)−1(cos 2vs−4 cos vs+3).
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general expression (3.17) was given in [6], where it was describing the potential between
parallel ‘Dp-brane’ and anti-‘Dp-brane’.
The leading terms in the large M expansions of ΓM andW can be found directly from
(3.13),(3.17)
ΓM = −(3−
1
2
D)! N VD
(4π)D/2M8−D
[
2
D/2∑
k=1
f4k − (
D/2∑
k=1
f2k)
2
]
+O(
1
M10−D
)
= −(3 −
1
2
D)! N VD
(4π)D/2M8−D
[
FmkFnkFmrFnr − 1
4
(FmkFmk)
2
]
+O(
1
M10−D
) , (3.18)
W = − (3−
1
2
D)!
2D/2M8−D
1√
det Fmn
[
FmkFnkFmrFnr − 1
4
(FmkFmk)
2
]
+O(
1
M10−D
) . (3.19)
They have the expected F 4 structure (3.9). In fact, for the abelian background considered
above one has from (3.5):
b8 = Tr[F
4 − 1
4
(F 2)2] = 2N [F4 − 1
4
(F2)2] = 2N
[
2
D/2∑
k=1
f4k − (
D/2∑
k=1
f2k)
2
]
. (3.20)
4 Matrix model (super Yang-Mills) description
In this section we shall demonstrate that the leading-order terms in the long-distance
potentials between BPS bound states with 1/2 and 1/4 of supersymmetry (2.12) and
(2.21) computed in section 2 using classical closed string effective field theory methods
are indeed reproduced by the instanton matrix model, i.e. by the corresponding 1-loop
SYM computations.
The instanton matrix model is defined by the D = 10 U(N) SYM Lagrangian reduced
to 0+0 dimensions (in this section we shall assume that T−1 = 2πα′ = 1)
L = − 1
2gs
tr
(
1
2
[Xµ, Xν ]
2 + 2θTγµ [θ,Xµ]
)
, (4.1)
where the elements of N ×N matrix θ are 16-component real spinors and γ10 ≡ I16×16.
We shall consider the background gauge field A¯µ = T
(
X¯1, . . . , X¯10
)
where the com-
ponents
X¯i =

 X¯(1)i 0
0 X¯
(2)
i

 , i = 1, . . . , 8, 10 , (4.2)
correspond to the coordinates of the two BPS objects and
X¯9 =
(
b 0
0 0
)
(4.3)
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represents their separation b. The calculation of the SYM one-loop effective action in this
background is similar to the one described in [18]. Let us define the operators
H =
(
X¯
(1)
i ⊗ I− I⊗ X¯(2)∗i
)2
, Hij = X¯
(1)
ij ⊗ I + I⊗ X¯(2)∗ij , (4.4)
where X¯
(1)
ij = [X¯
(1)
i , X¯
(1)
j ], X¯
(2)
ij = [X¯
(2)
i , X¯
(2)
j ] and ∗ is the complex conjugation. The
1-loop effective action is the sum of the bosonic, ghost and fermionic contributions,
W = WB +WG +WF , (4.5)
WB = ln det(Hδµν + 2Hµν) , WG = −2 ln det H , WF = −12 ln det(H +
∑
i<j
γiγjHij) ,
where the operators act in the U(N) matrix index space, Lorentz vector space and Lorentz
spinor space. In the case of the background
X¯10 =
(
i∂τ 0
0 0
)
, X¯i∗ =
(
vτ 0
0 0
)
,
the resulting expression for W in (4.5) becomes the same as found in the 0-brane matrix
model [18] for the relative motion of two BPS objects along the direction i∗. This may
be viewed as a manifestation of T-duality in string theory or Eguchi-Kawai reduction in
large N SYM theory [37, 9, 1].
4.1 D-instanton – ‘Dp-brane’ interaction
A ‘Dp-brane’ wrapped over a torus T˜ p+1 is represented by the following classical solution
of the instanton matrix model (m,n = 1, ..., p+ 1 = 2l)
X¯m = T
−1(i∂m + A˜m)In−1×n−1 , [X¯m, X¯n] = iT
−2F˜mnIn−1×n−1 , (4.6)
where ∂m act on functions on the torus and F˜mn is a constant abelian field strength. This
configuration corresponds [3] to the (p+(p−2)+ · · ·+1+i) type IIB bound state wrapped
over the torus T p+1 dual to T˜ p+1. We shall choose F˜mn in the form
F˜mn ≡ T−1F˜mn =


0 f˜1
−f˜1 0
. . .
0 f˜l
−f˜l 0


. (4.7)
This background field is (minus) the inverse of the one which appears in the T-dual string
theory picture (2.3), i.e. F˜mnFm′n = δmm′ , or f˜k = f−1k .
Let us explain the reason for this inverse identification between the fluxes in the matrix
model and string theory descriptions (see [9, 11] for discussions of T-dual type IIA cases).
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The U(N) SYM theory on T p+1represents np = N Dp-branes with euclidean world-
volumes wrapped over the torus [13]. By T-duality [37], it is also describing n˜−1 = N
D-instantons on the dual torus T˜ p+1. Turning on the background field (2.3) on T p+1 we
get a non-marginal bound state p+ (p− 2) + ...+ i with the ‘induced’ instanton number
(2.4),(2.15) equal to n−1 = npVp+1(
Tf
2pi
)
p+1
2 (for simplicity here we set all fk to be equal to
f). Since T-duality along all of the directions of the torus T p+1 interchanges instantons
with Dp-branes, the corresponding bound state wrapped over T˜ p+1 contains n˜p = n−1
Dp-branes and n˜−1 = np instantons. If the background field F˜mn that produces this
charge distribution is (4.7), then n˜−1 = n˜pV˜p+1(
T f˜
2pi
)
p+1
2 . As a result,
n˜p = n−1 , n˜−1 = np (4.8)
implies
Vp+1(
Tf
2π
)
p+1
2 V˜p+1(
T f˜
2π
)
p+1
2 = 1 , i.e. f f˜ = 1 , (4.9)
where we used (2.17).
The matrix model background describing the configuration of ‘Dp-brane’ (p = 2l− 1)
with the world-volume directions X1, ..., Xp+1 and N−1 D-instantons located at the origin,
which are separated from each other by a distance b in the 9-th direction is thus represented
by
X¯
(1)
1 = q1 , X¯
(1)
2 = p1 , ... , X¯
(1)
2l−1 = ql , X¯
(1)
2l = pl , X¯
(1)
9 = b , (4.10)
[qk, pn] = if˜kδknI , f˜k = f
−1
k , (4.11)
with all other X¯(1)µ components being equal to zero and the N−1 ×N−1 matrix X¯(2)µ
(µ = 1, ..., 10) having zero entries.
The bosonic, ghost and fermionic contributions to the 1-loop effective action W (4.5)
in this background are
WB = N−1
∞∑
{n}=0
Tr ln
(
b2{n}δµν − 2iF˜µν
)
, WG = −2N−1
∞∑
{n}=0
Tr ln b2{n} , (4.12)
WF = −12N−1
∞∑
{n}=0
Tr ln
(
b2{n} +
i
2
γijF˜ij
)
, b2{n} ≡ b2 +
l∑
k=1
f˜k(2nk + 1) , (4.13)
where {n} ≡ {n1, ..., nl}. The constant background field matrix F˜µν has (4.7) as non-zero
entries. The resulting effective action W (4.5) is given by
W = −2N−1
∞∫
0
ds
s
e−b
2s
l∏
k=1
1
2 sinh f˜ks
[ l∑
k=1
(
cosh 2f˜ks− 1
)
− 4(
l∏
k=1
cosh f˜ks− 1)
]
. (4.14)
This is equal to the 1-loop effective action ΓM of the U(N) SYM theory on the dual
torus T˜ p+1 in a constant abelian background proportional to F˜mn and with an IR cutoff
M = b (see (3.7),(3.13),(3.15)). The dimension of the fundamental representation of the
12
YM gauge group is the total number of instantons N = N−1 + n−1 (with both N−1 and
n−1 assumed to be large).
Indeed, let us set D = p+ 1 = 2l, fk = f˜k, VD = V˜2l and
N = N−1 + n−1 , N = n−1N−1 (4.15)
in the SYM expression (3.13) or (3.15),(3.17). The corresponding abelian U(N) SYM
background in the fundamental representation is given by a diagonal N × N matrix
Fmn =
( F˜mn I 0
0 0
)
where I is a unit n−1 × n−1 matrix. In the adjoint representantion
it has N = n−1N−1 non-zero entries (F˜mn, −F˜mn) (differences of diagonal values of
the Cartan subalgebra element in the fundamental representation). Equivalently, N =
q(N−1 + n−1) − q(N−1)− q(n−1) = n−1N−1, where q(N) = 12N(N − 1) is the number of
positive roots of U(N). The resulting SYM effective action is thus given by (3.13).
Since the factor N in (3.16) on the dual torus is N = n˜−1
n˜p
= np
n−1
, we conclude that for
np = 1 (assumed in the derivation of (4.14)) the factor of N = 1n−1 cancels out, i.e.
ΓM = N N W = N−1 W = W . (4.16)
Retaining only the leading term in the large distance (b → ∞) expansion of W , we
find the same expression as in (3.18),(3.19)
W = − 1
b8−2l
2−l(3− l)!N−1
l∏
k=1
f˜−1k
[
2
l∑
k=1
f˜ 4k − (
l∑
k=1
f˜ 2k )
2
]
+O(
1
b10−2l
) . (4.17)
Remarkably, with b = r and f˜k = f
−1
k this coincides with the long-distance interaction po-
tential (2.12),(2.14),(2.16) found from supergravity in the limit of large instanton number
n−1 (large fk or small f˜k).
The coefficient of the subleading 1
b10−2l
term in (4.17) turns out to be zero. This is a
consequence of the vanishing of the coefficient b10 (3.6) in (3.8) in a constant abelian back-
ground. Note, however, that the powers of r = b in the subleading terms in (4.14),(4.17)
and in the supergravity expression (2.10) do not match in general.
The same universal expressions (4.17) or (3.20) describe also interactions of T-dual
configurations of branes in the 0-brane matrix model. For example, the scattering of the
two 0-branes is represented by the (electric) background F01 = iv, N = n0 + N0, N =
n0N0, i.e. l = 1, f˜1 = iv, δ = −iW ∼ 1r6 v3. The case of a 0-brane scattering on a
2 + 0 brane is represented by N ×N matrix Fmn =
( F˜ (1)mn In0×n0 0
0 F˜ (2)mn IN0×N0
)
, where
F˜ (1)mn = f˜ ǫmn for m,n = 2, 3, F˜ (2)mn = ivǫmn for m,n = 0, 1 (1 is dual to the direction of the
0-brane motion, 2, 3 are dual to the directions of 2-brane) and we assume that the volume
V˜2 of the two-torus (x˜0, x˜1) is chosen so that ivV˜2 = 2π. In the adjoint representation
this background is given by Fmn = diag(0, ..., 0,Fmn,−Fmn, ...,Fmn,−Fmn) with the total
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number of non-zero entries 2N = 2n0N0 and Fmn = F˜ (1)mn−F˜ (2)mn (which has block-diagonal
structure as the non-zero components of F˜ (1)mn and F˜ (2)mn are orthogonal). As a result, here
l = 2, f˜1 = f˜ , f˜2 = iv and thus δ = −iW ∼ 1vf˜r4 (f˜ 4+2v2f˜ 2+ v4) in agreement with [11].
4.2 Interaction of ‘D-string’ with 3-brane–instanton bound state
The matrix model background corresponding to the configuration of the ‘D-string’ (1+ i)
wrapped over a 2-torus in (5, 6) directions and the D3-brane–D-instanton bound state
(3‖i) wrapped over a 4-torus in (1, 2, 3, 4) directions, which are separated by a distance b
in the 9-direction is given by (a = 1, ..., 4; T = 1)
X¯(1)a = T
−1(i∂a + A˜a) = Pa , X¯
(1)
9 = b , (4.18)
X¯
(2)
5 = q , X¯
(2)
6 = p , [q, p] = if˜ I ,
where the U(N−1) gauge potential A˜a is representing the charge N3 instanton on the dual
torus T˜ 4 (see, e.g., [9]), i.e. its field strength Gab = ∂aA˜b − ∂bA˜a − i[A˜a, A˜b] satisfies
Gab = ∗Gab , 1
16π2
∫
T˜ 4
d4x tr(GabGab) = N3 . (4.19)
The bosonic, ghost and fermionic contributions to the effective action (4.5) in this back-
ground are
WB =
∞∑
n=0
Tr ln
[
(b2n + P
2)δµν − 2iF ′µν
]
, WG = −2
∞∑
n=0
Tr ln
(
b2n + P
2
)
, (4.20)
WF = −12
∞∑
n=0
Tr ln
(
b2n + P
2 +
i
2
γmkF ′mk
)
, b2n ≡ b2 + f˜(2n+ 1) .
where
F ′mn =
(
Gab 0
0 F˜αβ
)
, F˜αβ = f˜ ǫαβ . (4.21)
The expression forW is computed in a similar way as in the T-dual case of (2+0)–(4‖0)
configuration considered in [18]. The final result for the leading long-distance (b → ∞)
term in W is
W =
1
32π2b2
[
f˜
∫
T˜ 4
d4x tr(GabGab)− V˜4N−1f˜ 3
]
+O(
1
b4
) (4.22)
=
1
2b2
(
N3f˜ − 116pi2 V˜4N−1f˜ 3
)
+O(
1
b4
) .
This becomes exactly the same as the supergravity result for the interaction potential
(2.21) after we set b = r, f˜ = f−1, n1 = 1, use the relation (2.17), i.e. V˜4V4 = (2π)
4, and
note that since it is assumed that N−1 ≫ N3 the last term in (2.21) can be neglected.
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The expression (4.22) is equivalent to the leading-orderO(F 4) term in the U(n−1+N−1)
SYM effective action (3.9) on the dual 6-torus T˜ 2 × T˜ 4 computed in the background
Fmn = Fˆmn =
(
Gab 0
0 F˜αβIn−1×n−1
)
. (4.23)
Indeed, substituting Fˆmn (4.23) into (3.10), i.e. into b8 in (3.5), and observing that
the G4-terms cancel out (b8 vanishes on a self-dual gauge field background) one is left
with the the abelian F˜4 term and the ‘cross-term’ F˜2G2, i.e.
b8(Fˆ) = Tr
[
F˜4 − 1
4
(F˜2)2 − 1
2
F˜2G2
]
= 2n−1
[
N−1f˜
4 − f˜ 2tr(GabGab)
]
, (4.24)
where in the first expression F˜ and G are the adjoint representation counterparts of the
N × N matrices in the fundamental representation with non-vanishing n−1 × n−1 and
N−1 × N−1 blocks (note that the spatial components of F˜ and G are orthogonal). One
can also derive this expression by formally representing Gab as an abelian matrix with
two equal 2 × 2 blocks, i.e. Gab = gǫabIN−1×N−1 for a, b = 1, 2 and a, b = 3, 4. Then one
may apply formula (3.20) for the abelian background with f1 = f˜ , f2 = f3 = g. This gives
b8 = 2n−1N−1[2(f˜
4 + 2g4)− (f˜ 2 + 2g2)2] = 2n−1N−1(f˜ 4 − 4f˜ 2g2), i.e. the same result as
in (4.24) since tr(GabGab) = 4N−1g
2, (2π)−2V˜4g
2N−1 = N3 (cf. (2.4)).
For n1 = 1 one has n−1 = 2πV˜
−1
2 f˜
−1 (see (2.22)) and concludes that
ΓM = − 1
2(4π)3M2
V˜2
∫
T˜ 4
d4x b8 +O(
1
M4
) (4.25)
in (3.9) is equal toW in (4.22) for b = M . This is also in agreement with the supergravity
potential represented in the form (2.23).
Thus we have found complete agreement between the 1-loop matrix model and classical
supergravity expressions for the leading-order long-distance interaction potentials.
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